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CROSSED PRODUCTS OF NUCLEAR C∗-ALGEBRAS BY FREE
GROUPS AND THEIR TRACES
TIMOTHY RAINONE AND CHRISTOPHER SCHAFHAUSER
Abstract. We study the matricial field (MF) property for certain reduced crossed prod-
uct C∗-algebras and their traces. Using classification techniques and induced K-theoretic
dynamics, we show that reduced crossed products of ASH-algebras of real rank zero by
free groups are MF if and only if they are stably finite. We also examine traces on these
crossed products and show they always admit certain finite dimensional approximation
properties. Combining these results with recent progress in Elliott’s Classification Pro-
gram shows that if A is a separable, simple, unital, nuclear, monotracial C∗-algebra
satisfying the UCT, then A ⋊λ Fr is MF for any action of Fr on A. By appealing to a
result of Ozawa, Rørdam, and Sato, we show that discrete groups of the form G ⋊ Fr
with G amenable admit MF reduced group C∗-algebras.
1. Introduction
Matricial field C∗-algebras were introduced by Blackadar and Kirchberg in [2]. These are
stably finite C∗-algebras which admit external finite dimensional approximations capturing
the linear, multiplicative, and metric properties of the algebra. More precisely, a separable
C∗-algebra A is called matricial field (MF) if there is an embedding A →֒ Qω where Qω
denotes the norm ultrapower of the universal UHF-algebra Q with respect to some free
ultrafilter ω on N. In the nuclear setting, the class of MF C∗-algebras coincides with the
class of quasidiagonal (QD) C∗-algebras as a well known consequence of the Choi-Effros
Lifting Theorem and Voiculescu’s noncommutative Weyl-von Neumann Theorem. The
MF property is the C∗-analogue of admitting tracial microstates; i.e. embeddability into
the tracial ultrapower of the hyperfinite II1 factor.
Of central importance in this paper is the following question asked by Blackadar and
Kirchberg in [2]: is every stably finite C∗-algebra MF? This is the C∗-version of Connes’s
Embedding Problem. Restricting to the nuclear case, they also ask if every stably finite,
nuclear C∗-algebra is quasidiagonal. These questions have attracted considerable attention
and interest among C∗-algebraists. This is especially true in the nuclear case where it is
known that quasidiagonality is a necessary condition in the stably finite version of Elliott’s
Classification Program.
The Blackadar-Kirchberg questions have also been of interest in the theory of dynamical
systems. In particular, if X is a compact metric space and G is a countable, discrete group
acting on X, when is C(X)⋊λG QD or MF? In the classical case where G = Z, a complete
solution was obtained by Pimsner in [30]. This was extended to free groups by Kerr and
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Nowak in [27] under the assumption that either X is zero-dimensional or the action is
minimal. Both results have analogues for actions on AF-algebras (see [7] and [34]). In this
piece, we extend this characterization from AF-algebras to approximately subhomogeneous
(ASH) algebras of real rank zero (Theorem 1.1 below).
In [9], N. Brown introduced and developed tracial versions of these conditions. In
particular, a trace τ on a C∗-algebra A is MF if there is a trace-preserving ∗-homomorphism
A→ Qω and is QD if, in addition, the map can be chosen to have a completely positive,
contractive lifting.1 The norm and tracial versions of the QD and MF properties are closely
related. For instance, it is clear that every unital, MF (resp. QD) C∗-algebra admits an
MF trace (resp. a QD trace) since Qω admits a trace. Conversely, if A admits a faithful,
MF (resp. QD) trace, then A is MF (resp. QD). In particular, a simple, unital C∗-algebra
is MF (resp. QD) if and only if it admits an MF (resp. QD) trace.
A recent result of Tikuisis, White, and Winter (see [36]) states that if A is a separable,
nuclear C∗-algebra satisfying the Universal Coefficient Theorem (UCT), then every faithful
trace on A is quasidiagonal. In particular, separable, simple, unital, nuclear, stably finite
C∗-algebras satisfying the UCT are quasidiagonal. Also, for every discrete, amenable group
G, the reduced group C∗-algebra C∗λ(G) is quasidiagonal which confirms of conjecture of
Rosenberg; the converse is also true by a well known result of Rosenberg (see the appendix
to [23]). An extension of this result is given in Theorem 1.4 below.
The theme throughout our work is that of K-theoretic dynamics. Given a C∗-dynamical
system, there is an induced action on the K0-group of the algebra, and, in the presence
of sufficiently many projections, studying this action yields meaningful information about
the structure of the reduced crossed product. Both stable finiteness and the MF property
have K-theoretic expressions that turn out to be equivalent (Theorem 4.6). By borrowing
lifting and uniqueness results from the classification literature, we answer the C∗-Connes
Embedding Problem in the affirmative for certain reduced crossed products of nuclear
C∗-algebras by free groups. The following is our main result.
Theorem 1.1. Let A be an ASH-algebra of real rank zero. Given an action α : Fr y A
of a free group on A, the following are equivalent:
(1) A⋊λ Fr is MF;
(2) A⋊λ Fr is stably finite;
(3) the subgroup of K0(A) generated by {x − αs(x) : x ∈ K0(A), s ∈ Fr} contains no
non-zero positive elements of K0(A).
Moreover, every trace on A⋊λ Fr is MF.
Theorem 1.1 is of interest even when the acting group is Z (i.e. when r = 1). In this
case, (1) may be replaced with “A ⋊ Z is quasidiagonal” since A ⋊ Z is nuclear. In both
Pimsner’s and Brown’s results mentioned above, a stronger version of quasidiagonality is
obtained; namely, the crossed product embeds into an AF-algebra. It would be interesting
to know if the conditions above are also equivalent to the crossed product embedding into
an AF-algebra when the acting group is Z. Our techniques break down in this setting
1The MF version is not mentioned in [9], but it is an exact analogue of the QD traces and many of the
basic properties still hold.
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since AF-embeddability is not known to be a local condition; however, the existence of an
AF-embedding is conjectured to be equivalent to quasidiagonality and exactness.
It is not hard to see the real rank zero condition is necessary to get the K-theoretic
characterizations of the MF property and of stably finiteness given above since if there
are very few projections in A, the K0-group may not contain much information about the
algebra or the dynamics. For a concrete example, if A = C(T), then K0(A) = Z and there
is a unique action of Fr on K0(A).
Combining Theorem 1.1 with recent breakthroughs in the classification program also
gives structural information about free group actions on many simple, nuclear C∗-algebras.
Theorem 1.2. Let A be a separable, simple, unital C*-algebra which satisfies the UCT.
Assume A ⊗Q has finite nuclear dimension and K0(A) separates traces on A. Given an
action α : Fr y A, the following are equivalent:
(1) A⋊λ Fr is MF;
(2) A⋊λ Fr is stably finite;
(3) A admits an invariant trace.
Moreover, every trace on A⋊λ Fr is MF.
The assumption that A ⊗ Q has finite nuclear dimension in Theorem 1.2 may hold
automatically when A is nuclear. By the main result of [5], this holds whenever the set of
extreme points of T (A), the simplex of tracial states on A, is closed in the weak* topology.
In particular, this is the case when A has a unique trace as was originally shown in [33]
extending the work of [28]. Also, combining this result with an observation of N. Brown
yields a large class of C∗-algebras for which the Brown-Douglas-Fillmore semigroup Ext
is not a group. The result below is a significant generalization of Corollary 3.14 in [34].
Corollary 1.3. Let A be a separable, simple, unital, nuclear, monotracial C*-algebra
satisfying the UCT and let α be an action of Fr on A.
(1) A⋊λ Fr is MF.
(2) If r ≥ 2, then Ext(A⋊λ Fr) is not a group.
Finally, combining the results above with the work of Ozawa, Rørdam, and Sato on
amenable groups, a new class of groups with MF reduced C∗-algebras is obtained. In
particular, we have the following theorem.
Theorem 1.4. Let G be an amenable group and consider an action of Fr on G. Then
C∗λ(G⋊ Fr) is MF and the canonical trace on C
∗
λ(G⋊ Fr) is MF.
Remark 1.5. Using that the canonical trace on C∗λ(G ⋊ Fr) is MF, one can easily show
the group von Neumann algebra L(G ⋊ Fr) embeds into R
ω, the tracial ultrapower of
the hyperfinite II1 factor R, and hence G⋊ Fr is hyperlinear (see Proposition 3.4 below).
After a preliminary version of this paper was announced, we were informed by Ben Hayes
that the hyperlinearity of G ⋊ Fr follows from known results obtained in [10]. Also, the
class of groups G for which the canonical trace on C∗λ(G) is MF has also been considered
in [24]. In particular, see Proposition 3.11 in [24] where a list of permanence properties
are given for this class of groups.
The paper is organized as follows. Section 2 establishes some notation and basic facts
about ultrapowers and approximate morphisms which will be used throughout the paper.
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Section 3 contains the definition of MF algebras and traces along with dynamical analogues
of these notions. Also, some new permanence properties of these algebras are obtained.
Section 4 develops a systematic treatment of approximation properties for K-theoretic
dynamics. In some sense, we show there is no K-theoretic obstruction to a stably finite
algebra being MF and identify the only K-theoretic obstruction to having an MF crossed
product. Section 5 collects the consequences of the classification program needed to lift
the K-theoretic approximations obtained in Section 4 to norm approximations. In Section
6 the results stated in this introduction are proved. The final section gives a version of
Theorem 1.1 for a certain class of Cuntz-Pimsner algebras.
2. Notation and Preliminaries
Throughout this piece, G is a discrete group with neutral element e. Also, we will restrict
to countable groups and separable, unital C∗-algebras whenever it is convenient. The set
of projections in a C∗-algebra A is denoted by P(A), whereas U(A) refers to the group of
a unitaries in A. More generally, for n ≥ 1, let Pn(A) and Un(A) denote the collection
of projections and unitaries in Mn(A), respectively, and define P∞(A) := ∐n≥1Pn(A)
and U∞(A) := ∐n≥1 Un(A). The free group on r generators is written as Fr, where
r ∈ {1, 2, . . . ,∞}, and the universal UHF-algebra is denoted by Q.
The minimal tensor product of C∗-algebras A and B is denoted by A ⊗ B. By a C∗-
dynamical system (or an action α : G y A), we mean a triple (A,G,α) where G is a
group, A is a C∗-algebra, and α : G → Aut(A) is a homomorphism into the group of
automorphisms of A. Given such an action, we write A⋊α G for the full crossed product
and A⋊α,λG for the reduced crossed product. When the action α is understood, we may
simply write A ⋊ G and A ⋊λ G for the full and reduced crossed products, respectively.
When A is unital, the group G is identified with its image in the crossed product via the
unitary representation G →֒ U(A ⋊λ G) (s 7→ 1Aus, s ∈ G). The algebra A also embeds
into the crossed product via the map A →֒ A⋊λG (a 7→ aue). Let E : A⋊λG→ A denote
the canonical conditional expectation determined by E(us) = 0 for s ∈ G with s 6= e.
By a trace on a C∗-algebra, we mean a tracial state; i.e. a trace τ on A is a state such
that τ(ab) = τ(ba) for every a, b ∈ A. The unique trace on the Mn is denoted by trn,
and trG refers to the canonical trace on C
∗
λ(G). Given a C
∗-dynamical system (A,G,α),
a trace τ on A is invariant if τ ◦αs = τ for all s ∈ G. If τ is an invariant trace on A, then
the state τ ◦ E : A⋊λ G→ C is also a trace.
Ultrapowers of C∗-algebras and ordered abelian groups will surface regularly throughout
this article. We outline their construction and prove some useful properties. To this end,
let ω be a free ultrafilter on N which is fixed throughout the paper.
Given a C∗-algebra B, the C∗-algebra ℓ∞(B) consisting of bounded sequences in B
contains the subalgebra
cω(B) :=
{
(bn)n ∈ ℓ
∞(B) : lim
n→ω
‖bn‖ = 0
}
as a closed, two-sided ideal. The norm ultrapower of B is the quotient C∗-algebra
Bω := ℓ
∞(B)/cω(B).
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We write πω : ℓ
∞(B) → Bω for the quotient map. If B is equipped with a distinguished
trace τ , the norm ultrapower admits the trace τω defined by
τω(πω((bn)n)) = lim
n→ω
τn(bn).
Definition 2.1. Let A and Bn be separable, unital C
∗-algebras for n ∈ N. An approximate
morphism from A to (Bn)n≥1 is a sequence of unital ∗-linear maps (ϕn : A → Bn)n≥1
satisfying
lim
n→∞
‖ϕn(aa
′)− ϕn(a)ϕn(a
′)‖ = 0 for all a, a′ ∈ A.
An approximate morphism (ϕn)n≥1 is faithful if the maps further satisfy
lim
n→∞
‖ϕn(a)‖ = ‖a‖ for all a ∈ A.
If A and B are equipped with distinguished traces τ and τn, we call an approximate
morphism (ϕn)n≥1 trace-preserving if
lim
n→∞
τn(ϕn(a)) = τ(a) for all a ∈ A.
The following standard fact will be used throughout the paper and will allow us to
freely move between approximate morphisms and (exact) morphisms into ultrapowers.
Proposition 2.2. Let A and B be separable, unital C*-algebras.
(1) An approximate morphism (ϕn : A→ B)n≥1 induces a morphism ϕ : A→ Bω such
that ϕ(a) = πω((ϕn(a))n) for all a ∈ A. If (ϕn)n≥1 is faithful or trace-preserving,
then ϕ has the same property.
(2) Every morphism ϕ : A→ Bω is induced by an approximate morphism (ϕn)n≥1 as
in part (1). If ϕ is faithful or trace-preserving, we may choose (ϕn)n≥1 with the
same property.
Proof. In passing from the approximate morphism (ϕn)n≥1 to the morphism ϕ, the only
non-trivial claim is that the sequence (ϕn(a))n is an element of ℓ
∞(B) for all a ∈ A. This
was shown by Connes and Higson in [12] in a slightly different context; we reproduce their
argument here. To this end, fix a ∈ A and write a∗a + x∗x = ‖a‖21A for some x ∈ A.
Then ‖a‖21B = ϕn(a
∗a) + ϕn(x
∗x), so
‖ϕn(a)
∗ϕn(a) + ϕn(x)
∗ϕn(x)− ‖a‖
21B‖
≤ ‖ϕn(a)
∗ϕn(a)− ϕn(a
∗a)‖ + ‖ϕn(x)
∗ϕn(x)− ϕn(x
∗x)‖ → 0
as n→∞. For a tolerance ε > 0 and sufficiently large n,
0 ≤ ϕn(a)
∗ϕn(a) ≤ ϕn(a)
∗ϕn(a) + ϕn(x)
∗ϕn(x) ≤ (‖a‖
2 + ε)1B ,
and hence ‖ϕn(a)‖
2 ≤ ‖a‖2 + ε for all such n. Therefore, (ϕn(a))n≥1 is bounded.
To prove the second part of the proposition, fix a morphism ϕ : A→ Bω. Let (Ωk)k≥1
denote an increasing sequence of finite subsets of A whose union is dense in A and let
(εk)k≥1 be a decreasing sequence of positive numbers converging to 0. Let ψ : A→ ℓ
∞(B)
be a unital, linear map with πω ◦ ψ = ϕ and let ψn : A→ B denote the components of ψ
so that ψ(a) = (ψn(a))n for all a ∈ A. By replacing ψ with the map
A→ ℓ∞(B) : a 7→
1
2
(ψ(a) + ψ(a∗)∗),
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we may assume ψ is ∗-preserving and hence each ψn is ∗-preserving.
As ϕ is a morphism, for any k,m ∈ N, the set
{n ∈ N : n ≥ m and ‖ψn(aa
′)− ψn(a)ψn(a
′)‖ < εk for all a, a
′ ∈ Ωk}
is an element of ω and, in particular, is non-empty. Hence one may inductively construct
an increasing sequence (nk)k≥1 of natural numbers converging to ∞ such that
‖ψnk(aa
′)− ψnk(a)ψnk(a
′)‖ < εk for all a, a
′ ∈ Ωk.
Define ϕn = ψnk for each nk ≤ n < nk+1 and k ∈ N, and for 1 ≤ n < n1, choose a unital,
∗-linear map ϕn : A→ B arbitrarily.
Verifying that (ϕn)n≥1 is an approximate morphism and induces the given morphism
ϕ : A → Bω is routine. In the case where ϕ is faithful (trace-preserving), one can choose
the nk ∈ N as above such that ψnk are approximately isometric (trace-preserving) in
addition to being approximately multiplicative. Then the approximate morphism (ϕn)n≥1
is faithful (trace-preserving). 
Remark 2.3. In the proposition above, the ultrapower Bω can be replaced with the corona
algebra B∞ := ℓ
∞(B)/c0(B) with a similar proof. If one is only interested in faithful
approximate morphisms, there is very little to be gained from considering the ultrapower
Bω in place of the corona algebra B∞. There is, however, a technical advantage in using
Bω to encode trace-preserving approximate morphisms. There is no canonical way to
obtain a trace on B∞ from a trace τ on B. On the other hand, a trace τ on B induces a
trace τω on Bω by taking limits along ω.
Recall, an ordered abelian group (K,K+) consists of a abelian group K together with
a semigroup K+ ⊆ K generating K such that K+ ∩ (−K+) = {0}. As usual, for x, y ∈ K
we write x ≤ y to indicate y − x ∈ K+. An order unit u ∈ K+ is an element such that
for all x ∈ K, there is an n ∈ N with −nu ≤ x ≤ nu. We always assume an ordered
abelian group to be equipped with a distinguished order unit u, and we often write K in
place of the triple (K,K+, u). A morphism σ : K → L of ordered abelian groups is an
group morphism σ : K → L such that σ(K+) ⊆ L+ and σ(uK) = uL. The morphism σ is
faithful if ker(σ) ∩K+ = {0}. A state on K is a morphism µ : K → (R,R+, 1).
If A is a stably finite, unital C∗-algebra, then K0(A) is an ordered abelian group with the
positive cone determined by the projections in P∞(A) and the order unit determined by
the unit 1A. Note that a morphism ϕ : A → B between stably finite, unital C*-algebras
induces a morphism K0(ϕ) : K0(A) → K0(B) of ordered abelian groups and K0(ϕ) is
faithful whenever ϕ is faithful. Similarly, a trace τ on A induces a state K0(τ) on K0(A)
which is faithful if τ is faithful. Moreover, is A and B are equipped with distinguished
traces and ϕ : A → B is a trace-preserving morphism, then K0(ϕ) : K0(A) → K0(B) is a
state-preserving morphism.
As with C∗-algebras, we will need the notion of ultrapowers and approximate morphisms
of ordered abelian groups. Given an ordered abelian group L, let ℓ∞(L) denote the
collection of sequences (xn)n ⊆ L which are bounded in the sense that there is a d ∈ N
such that −du ≤ xn ≤ du for all n ∈ N. Then ℓ
∞(L) is an ordered group when equipped
with the component-wise ordering and the order unit given by the constant sequence u.
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Define the subgroup cω(L) ⊆ ℓ
∞(K) by
cω(L) = {(xn)n ∈ ℓ
∞(L) : the set {n ∈ N : xn = 0} is in ω}
and let Lω denote the quotient ℓ
∞(L)/cω(L) and let κω : ℓ
∞(L)→ Lω denote the quotient
map. Then Lω is an ordered abelian group with L
+
ω = κω(ℓ
∞(L)+) and order unit uLω =
κω(uℓ∞(L)). Given a state µ on L, there is an induced state µω on Lω given by
µω(κω((xn)n)) = lim
n→ω
µ(xn).
Definition 2.4. Let K and Ln be countable ordered abelian groups for n ∈ N. An
approximate morphism from K to (Ln)n≥1 is a sequence (λn : K → Ln)n≥1 of unit-
preserving maps such that
(1) if x, y ∈ K, then λn(x+ y) = λn(x) + λn(y) for all sufficiently large n, and
(2) if x ∈ K+, then λn(x) ≥ 0 for all sufficiently large n.
The approximate morphism (λn)n≥1 is called faithful if the following holds: if x ∈
K+ \ {0}, then λn(x) 6= 0 for all sufficiently large n.
When K and Ln are equipped with distinguished states µ and µn, the approximate
morphism (λn)n≥1 is called state-preserving if, for all x ∈ K, lim
n→∞
µn(λn(x)) = µ(x).
The following is an exact analogue of Proposition 2.2.
Proposition 2.5. Let K and L be countable ordered abelian groups.
(1) An approximate morphism (λn : K → L)n≥1 induces a morphism λ : K → Lω such
that λ(x) = κω((λn(x))n) for all x ∈ K. If (λn) is faithful or trace-preserving, then
λ has the same property.
(2) Every morphism λ : K → Lω is induced by an approximate morphism (λn)n≥1 as
in part (1). If λ is faithful or trace-preserving, we may choose (λn)n≥1 with the
same property.
Proof. The proof is nearly identical to the proof of Proposition 2.2, so we omit most of
the details. The only somewhat subtle issue is showing that if (λn)n≥1 is an approximate
morphism from K to L, then for every x ∈ K, the sequence (λn(x))n is in ℓ
∞(L). To
see this, note that there is a d ∈ N with −duK ≤ x ≤ duK . Since duK − x ≥ 0, for all
sufficiently large n,
0 ≤ λn(duK − x) = dλn(uK)− λn(x) = duL − λn(x),
and hence λn(x) ≤ duL for all large n. Similarly, −duL ≤ λn(x) for all large n. Hence, by
increasing d if necessary, we have −duL ≤ λn(x) ≤ duL for all n ∈ N and (λn(x))n≥1 is
bounded as claimed. 
We end this preliminary section with a result that identifies the the K0-group of a norm
ultrapower of the UHF alegbra Q with the ordered group ultrapower of K0(Q). This is a
special case of a result due to Dadarlat and Eilers (see Section 3.2 in [13]), however, we
give a proof in our context. Recall that there is an isomorphism
(K0(Q),K0(Q)
+, [1Q]0)
∼=
−→ (Q,Q+, 1)
induced by the unique trace on Q.
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Proposition 2.6. There is an isomorphism θ : K0(Qω) → K0(Q)ω ∼= Qω of ordered
abelian groups satisfying
θ ([πω((pn)n)]0) = κω (([pn]0)n) , pn ∈ P(Q).
Proof. To ease notation we will identify Md(ℓ
∞(Q)) with ℓ∞(Md(Q)) for each d ∈ N. It is
routine to verify there is a morphism θ˜ : K0(ℓ
∞(Q))→ ℓ∞(K0(Q)) such that θ˜([(pn)n]0) =
([pn]0)n for all projections (pn)n ∈ Md(ℓ
∞(Q)) and d ∈ N. We claim θ˜ is an isomorphism
of ordered abelian groups.
To show θ˜ is injective, suppose p = (pn)n and q = (qn)n are projections in Md(ℓ
∞(Q))
with θ˜([p]0) = θ˜([q]0). Then [pn]0 = [qn]0 in K0(Q) for all n ∈ N. Since Q has cancellation,
there is, for all n ∈ N, a partial isometry vn ∈ Md(Q) with initial projection pn and final
projection qn. Now, v = (vn)n is a partial isometry in Md(ℓ
∞(Q)) with initial projection
p and final projection q. Hence [p]0 = [q]0 and θ˜ is injective.
On the other hand, given x = (xn)n ∈ ℓ
∞(K0(Q))
+, there is a d ∈ N such that 0 ≤
xn ≤ d[1]0 for all n ∈ N. Again, as Q has cancellation, there are projections pn ∈ Md(Q)
with [pn]0 = xn in K0(Q) for all n ∈ N. Then p = (pn)n is a projection in Md(ℓ
∞(Q))
and θ˜([p]0) = x. Hence θ˜ is surjective. Note that the proof also shows the inverse of θ˜ is
positive and hence θ˜ is an isomorphism of ordered abelian groups.
Considerations similar to those above shows θ˜ restricts to a surjective map θ˜0 from
K0(cω(Q)) onto cω(K0(Q)). As projections in Md(Qω) lift to projections in Md(ℓ
∞(Q)),
we have a commutative diagram
K0(cω(Q)) K0(ℓ
∞(Q)) K0(Qω) 0
0 cω(K0(Q)) ℓ
∞(K0(Q)) K0(Q)ω 0
θ˜0
K0(πω)
θ˜ ∃ θ
κω
with exact rows. As θ˜ is an isomorphism and θ˜0 is surjective, a diagram chase shows the
existence of the desired isomorphism θ : K0(Qω)→ K0(Q)ω. 
3. MF Algebras, MF Traces, and Permanence Properties
Quasidiagonality was originally introduced by Halmos in the context of single operator
theory. The notion was imported to C∗-algebra theory by Voiculescu and was defined
in terms of representations of C∗-algebras as quasidiagonal operators. Voiculescu also
obtained a characterization of quasidiagonal C∗-algebras in terms of completely positive
finite rank approximations (see Chapter 8 of [11] for a good introduction). By removing
the complete positivity assumptions from the approximations, one obtains the MF algebras
of Blackadar and Kirchberg introduced in [2] (see also Chapter 11 of [11]).
Building on Alain Connes’s work on injective factors, N. Brown introduced in [9] the
notion of a quasidiagonal trace by replacing the faithful approximate morphisms with
trace-preserving approximate morphisms. Since their conception, quasidiagonal traces
have played a fundamental role in the classification and regularity theories of nuclear C∗-
algebras. Perhaps the most definitive result in this direction was obtained in [17] where
it was shown that if A is a separable, simple, unital C∗-algebra which satisfies the UCT,
has finite nuclear dimension, and every trace on A is quasidiagonal, then A ⊗ Q admits
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certain internal approximations, which is in fact enough to show that A is classifiable in
the sense of Elliott as was shown in [18].
By removing complete positivity from the approximations, we introduce the notion of
an MF trace on a C∗-algebra. Whereas quasidiagonal traces appear to be closely related
to amenability, there is no clear obstruction for a trace to be MF. We now state formally
the definitions of QD and MF for both C∗-algebras and traces on C∗-algebras.
Definition 3.1. Let A be a C∗-algebra.
(1) A C∗-algebra A is called matricial field (MF) if for every finite set Ω ⊆ A and
ε > 0, there is an n ≥ 1 and a ∗-linear map ϕ : A→Mn such that
(a) ‖ϕ(ab) − ϕ(a)ϕ(b)‖ < ε, and
(b)
∣∣‖ϕ(a)‖ − ‖a‖∣∣ < ε.
for every a, b ∈ Ω.
(2) A trace τ on A is called matricial field (MF) if for every finite set Ω ⊆ A and
ε > 0, there is an n ≥ 1 and a ∗-linear map ϕ : A→Mn satisfying
(a) ‖ϕ(ab) − ϕ(a)ϕ(b)‖ < ε, and
(b) |τ(a)− trn(ϕ(a))| < ε,
for every a, b ∈ Ω.
An algebra A or a trace τ is quasidiagonal (QD) if the map ϕ can be chosen to be
completely positive and contractive.
A few observations are in order. When A is unital the map ϕ can be chosen to be
unital. In the separable case, A is MF if and only if there is a faithful approximate
morphism (ϕn : A → Mkn)n≥1. Similarly, a trace τ on A is MF if and only if there is a
trace-preserving approximate morphism (ϕn : A→Mkn)n≥1.
Some permanence properties of MF algebras and traces are fairly straightforward. For
instance, it is clear that the MF and QD properties pass to subalgebras. Similarly, if τ
is an MF (resp. QD) trace on a unital C∗-algebra A, and B ⊆ A is a unital subalgebra,
then τ |B is an MF (resp. QD) trace. Also, A is MF (resp. QD) if and only if for every
separable subalgebra B ⊆ A, the algebra B is MF (resp. QD); the analogous result for
traces also holds.
The next two propositions give some other easy permanence properties of MF algebras
and MF traces. In this section, we consider more delicate permanence properties for MF
algebras and traces such as tensor products, crossed products, quotients, extensions, and
a Mayer-Vietoris-type property.
Proposition 3.2. Let A be a separable C*-algebra.
(1) A is MF if and only if there is an embedding A →֒ Qω.
(2) If (Bn)n≥1 is a sequence of MF algebras and there is a faithful approximate mor-
phism (A→ Bn)n≥1, then A is also MF.
(3) If A is an MF algebra, then Aω is MF.
Proof. To show (2), let Ω ⊂ A be a finite set and ε > 0. Let (ψn)n≥1 denote the given
approximate morphism and choose n ∈ N such that ψn : A → Bn is approximately
multiplicative and isometric within ε/3 on Ω. Also, choose a ∗-linear map ρ : Bn → Md
that is approximately multiplicative and isometric within ε/3 on
Ω′ := ψn(Ω) ∪
{
ψn(aa
′)− ψn(a)ψn(a
′) | a, a′ ∈ Ω
}
.
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The map ϕ := ρ ◦ ψn : A→Md is ∗-linear, and, for a, a
′ ∈ Ω,
‖ϕ(aa′)−ϕ(a)ϕ(a′)‖
≤ ‖ρ
(
ψn(aa
′)− ψn(a)ψn(a
′)
)
‖+ ‖ρ(ψn(a)ψn(a
′))− ρ(ψn(a))ρ(ψn(a
′))‖
≤ ‖ψn(aa
′)− ψn(a)ψn(a
′)‖+ ε/3 + ε/3 < ε.
Also, ∣∣‖ϕ(a)‖ − ‖a‖∣∣ ≤ ∣∣‖ρ (ψn(a)) ‖ − ‖ψn(a)‖∣∣ + ∣∣‖ψn(a)‖ − ‖a‖∣∣ < 2ε/3 < ε.
for every a ∈ Ω. This shows that A is MF.
For (3), note that a C∗-algebra is MF if and only if every separable C∗-subalgebra is
MF. Given a separable subalgebra B ⊆ Aω, the inclusion B →֒ Aω lifts to a faithful
approximate morphism (B → A)n≥1 by Proposition 2.2. Hence B is MF by (3) and
therefore Aω is MF.
Finally, for (1), if A is MF, there is a faithful approximate morphism (ϕn : A→Mkn)n≥1
for integers kn ∈ N. Composing the ϕn with embeddings Mkn ⊆ Q produces a faithful
approximate morphism from A to Q. By Proposition 2.2, there is a faithful morphism
A→ Qω.
Conversely, fix an increasing sequence (Bn)n≥1 of finite dimensional subalgebras of Q
with dense union. By Arveson’s Extension Theorem, there are conditional expectations
En : Q → Bn. The sequence (En)n≥1 is a faithful approximate morphism from Q into
finite dimensional C∗-algebras and hence Q is MF. By part (3), Qω is MF and the result
follows since subalgebras of MF algebras are MF. 
The following is an exact analogue of Proposition 3.2 for MF traces. The proof is nearly
identical and is left to the reader.
Proposition 3.3. Let A be a separable C*-algebra and let τ be a trace on A.
(1) τ is MF if and only if there is a trace-preserving morphism A→ Qω.
(2) If (Bn)n≥1 is a sequence of C*-algebras with MF traces τn on Bn and there is a
trace-preserving approximate morphism (A→ Bn)n≥1, then τ is MF.
(3) If τ is MF, then the trace τω on Aω is MF.
As eluded to in the introduction, the question of which algebras are MF can be thought
of as the C∗-analogue of Connes’s Embedding Problem. The connection is made explicit
in the result below.
Proposition 3.4. Let A be a separable C*-algebra with a tracial state τ and let πτ denote
the GNS representation of τ . If τ is MF, then πτ (A)
′′ admits a trace-preserving embedding
into Rω, the tracial ultrapower of the hyperfinite II1 factor R.
Proof. Let τω denote the trace on Qω induced by the unique trace on Q and let J =
{a ∈ Qω : τω(a
∗a) = 0}. There is a natural embedding Q ⊆ R induced by the GNS
representation of the unique trace on Q, and the unit ball of Q is 2-norm dense in the unit
ball of R. It follows that Qω/J ∼= R
ω by Kaplansky’s Density Theorem. Hence and trace-
preserving morphism ϕ : A → Qω induces a trace-preserving morphism πτ (A)
′′ → Rω
which is faithful by the faithfulness of the trace on πτ (A)
′′. 
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3.1. Tensor Products. It is well known that the minimal tensor product of two QD C∗-
algebras is QD (Proposition 7.1.12 in [11]). The corresponding statement for QD traces
is also true (Proposition 3.5.7 in [9]). In the MF setting, these questions are more subtle.
The key difference is that the algebraic tensor product of two completely positive maps will
always be continuous with respect to the minimal tensor norm, whereas the corresponding
statement fails for tensor products of ∗-linear maps. Blackadar and Kirchberg showed
that the minimal tensor product of two MF algebras is again MF provided that at least
one algebra is nuclear (Proposition 3.3.6 in [2]). Here we weaken the nuclearity condition.
First we single out a standard tensor product result.
Proposition 3.5. Suppose A and B are C*-algebras and B is exact. There is an embed-
ding
Aω ⊗B →֒ (A⊗B)ω
given on generators by πω ((an)n)⊗ b 7→ πω ((an ⊗ b)n).
Proof. Choose faithful representations A ⊆ B(H) and B ⊆ B(K). Then there are induced
embeddings
ℓ∞(A)⊗B →֒ B(ℓ2(H)⊗K) and ℓ∞(A⊗B) →֒ B(ℓ2(H⊗K)).
Conjugating by the unitary
ℓ2(H)⊗K → ℓ2(H ⊗K) (ξn)n ⊗ η 7→ (ξn ⊗ η)n
yields an embedding
j : ℓ∞(A)⊗B →֒ ℓ∞(A⊗B).
Since B is exact, we have a commutative diagram
0 cω(A) ⊗B ℓ
∞(A) ⊗B Aω ⊗B 0
0 cω(A⊗B) ℓ
∞(A⊗B) (A⊗B)ω 0
j j¯
with exact rows.
The proof will be complete if we can show j¯ is injective. By Kirchberg’s Slice Lemma
[31, Lemma 4.1.9], if ker(j¯) is non-zero, then ker(j¯) contains a non-zero elementary tensor.
Given a ∈ Aω and b ∈ B, let (an)n ∈ ℓ
∞(A) be a lift of a and note that
‖j¯(a⊗ b)‖ = lim
n→ω
‖an ⊗ b‖ = ‖b‖ lim
n→ω
‖an‖ = ‖a‖‖b‖.
Thus ker(j¯) contains no non-zero elementary tensors and hence j¯ is injective. 
Proposition 3.6. Let A and B be C*-algebras and suppose B is exact. If A and B are
MF, then A ⊗ B is again MF. Similarly, if τA and τB are MF traces on A and B, then
the trace τA ⊗ τB on A⊗B is also MF.
Proof. We only prove the norm version as the tracial version is nearly identical. Since
A is MF, there is an embedding A →֒ Qω. Since B is exact, Proposition 3.5 yields an
embedding
A⊗B →֒ Qω ⊗B →֒ (Q⊗B)ω.
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As Q is nuclear, Q⊗B is a MF by Proposition 3.3.6 of [2]. Proposition 3.2 now implies that
(Q⊗B)ω is MF and the result follows since the MF property passes to subalgebras. 
Remark 3.7. It is not clear if the exactness of B is necessary in Proposition 3.6. In
general, it is not known if the minimal tensor product of two MF algebras is stably finite.
3.2. Crossed Products. In [27], Kerr and Nowak introduced the notion of a quasidiago-
nal action of a group G on a C∗-algebra A and showed that if C∗λ(G) is MF and the action
is quasidiagonal, then the reduced crossed product A ⋊λ G is MF (Theorem 3.4 in [27]).
In [34], the same result was proven using a weaker definition of a quasidiagonal action and
a converse was obtained. The notion of an MF action was introduced by the first author
in [34]. In full generality, it is not known if an MF action of a group G whose reduced
C∗-algebra is MF yields an MF reduced crossed product. Theorem 3.9 below provides
a positive solution to this question in the case when the acting group is exact and also
exhibits a tracial version of this result.
Definition 3.8. Let α : G→ Aut(A) be an action of a discrete group G on a C∗-algebra
A. We say α is an MF-action if, for all finite subsets Ω ⊆ A and F ⊆ G and for all ε > 0,
there is an n ∈ N, a ∗-linear map ϕ : A→ Mn, and a function w : G→ U(Mn) such that
(1) ‖wst − wswt‖ < ε,
(2) ‖wsϕ(a)w
∗
s − ϕ(αs(a))‖ < ε,
(3) ‖ϕ(ab) − ϕ(a)ϕ(b)‖ < ε, and
(4) |‖ϕ(a)‖ − ‖a‖| < ε
for all a, b ∈ Ω and s, t ∈ F .
An invariant trace τ on A is called α-MF if given Ω, F , and ε as above, there are n, ϕ,
and w as above satisfying (1), (2), (3), and
(4)’ |trn(ϕ(a)) − τ(a)| < ε for all a ∈ Ω.
Quasidiagonal actions and α-quasidiagonal traces are defined by further requiring ϕ to be
completely positive and contractive.
As with MF algebras, note that when A is separable and G is countable, the action α
is MF if and only if there is a faithful, covariant representation of (A,G,α) on Qω. That
is, there is an embedding ϕ : A→ Qω and a unitary representation w : G→ U(Qω) with
ϕ ◦ αs = Adws ◦ϕ for every s ∈ G. Similarly, an invariant trace τ on A is MF if and only
if there is a trace-preserving, covariant representation ϕ : A→ Qω.
Theorem 3.9. Suppose (A,G,α) is a C*-dynamical system with G exact.
(1) If α is MF and C∗λ(G) is MF, then A⋊λ G is MF.
(2) If τ is an α-MF trace on A and trG is MF, then the trace τ ◦E on A⋊λG is MF.
Proof. We may assume A is separable and G is countable. Suppose ϕ : A → Qω is a
∗-homomorphism and w : G→ U(Qω) is a unitary representation with ϕ ◦ αs = Adws ◦ϕ
for all s ∈ G. Let β : Gy Qω denote the action given via conjugation; that is βs := Adws
for s ∈ G. Since β is inner we know that Qω ⋊λ,β G ∼= Qω ⊗ C
∗
λ(G). We therefore have a
∗-homomorphism
A⋊λ,α G
ϕ˜
−→ Qω ⋊λ,β G ∼= Qω ⊗ C
∗
λ(G).
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If α is MF we can choose such a w and ϕ as above such that ϕ is faithful, which then
implies ϕ˜ is an embedding. Since G is exact, C∗λ(G) is exact, and (1) follows immediately
from Propositions 3.6 and 3.2. Similarly, if τ is an α-MF trace on A, we can choose ϕ to
be trace-preserving and, consequently, ϕ˜ : A ⋊λ G → Qω ⊗ C
∗
λ(G) is trace-preserving as
well. Now (2) follows from the fact that τQω ⊗ trG is MF by Propositions 3.3 and 3.6. 
Remark 3.10. The converse of both results in Theorem 3.9 are true without assuming
C∗λ(G) is exact. The converse of (1) is proved in [34, Proposition 3.4] and the same
proof yields the converse of (2). We again emphasize that the condition of G being
exact in Theorem 3.9 may be superfluous (compare with Remark 3.7). As for when a
reduced crossed product is quasidiagonal, Proposition 3.4 in [34] shows that if A ⋊λ G
is quasidiagonal, then C∗λ(G) and the action are quasidiagonal. It is also known that
these conditions are sufficient when A is nuclear (Theorem 3.19 in [34]). It is likely that
nuclearity of A is not necessary.
It is not clear when C∗λ(G) and trG are MF. A recent breakthrough by Tikuisis, White,
and Winter shows this is the case whenever G is amenable (Corollary C in [36]). In the
non-amenable case, Haagerup and Thorbjørnsen have shown that C∗λ(Fr) is MF in [21].
In particular, C∗λ(Fr) has an MF trace. A result of Powers shows trFr is the unique trace
on C∗λ(Fr) when r ≥ 2 (Corollary VII.7.6 in [15]) and hence trFr is MF. It is also known
that C∗λ(Fr) is exact (Proposition 5.1.8 in [11]) and hence Theorem 3.9 applies when G is
free. We record this corollary below for future use.
Corollary 3.11. Let α : Fr → Aut(A) be a given action.
(1) A⋊λ Fr is MF if and only if α is MF.
(2) Given an invariant trace τ on A, the trace τ ◦ E on A⋊λ Fr is MF if and only if
τ is α-MF.
The following permanence results utilize Proposition 3.6 and Theorem 3.9 as well as a
well-known imprimitivity theorem of P. Green. Recall that a discrete group G is said to
be locally finite if for every finite set F ⊂ G, the subgroup 〈F 〉 generated by F is also
finite. Locally finite groups are easily seen to be amenable.
Proposition 3.12. Let α : G→ Aut(A) be an action of a locally compact group G on an
MF algebra A.
(1) If G is a second countable compact group, then A⋊λ G = A⋊G is MF.
(2) If G is locally finite then A⋊λ G = A⋊G is MF.
Proof. The fact that G is amenable in both (1) and (2) ensures that A⋊λ G = A⋊G.
(1): Write β for the action of G on C(G) induced by left translation; that is, βs(f)(t) =
f(s−1t) for s, t ∈ G and f ∈ C(G). Now consider the action α⊗ β : G→ Aut(A⊗ C(G))
given by (α ⊗ β)s = αs ⊗ βs for s ∈ G. The embedding A →֒ A ⊗ C(G) given by
a 7→ a⊗ 1C(G) induces an embedding.
A⋊α G →֒ (A⊗ C(G))⋊α⊗β G.
From Corollary 2.8 of [19] we get that (A⊗C(G))⋊α⊗βG ∼= A⊗K(L
2(G)), where K(L2(G))
denotes the compact operators on L2(G). Since A and K(L2(G)) are MF algebras and
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K(L2(G)) is nuclear we know that A⊗K(L2(G)) is also MF by Proposition 3.6. The MF
property passes to subalgebras so A⋊α G is MF.
(2): Now consider a locally finite group G. Let F ⊂ G and Ω ⊂ A be finite sets and let
ε > 0. Denote by H the (finite) group generated by F and by αH the restricted action of
H on A. By part (1), that A⋊αH H is MF. The action α
H , therefore, is MF, so there are
d ∈ N, a ∗-linear map φ : A→Md and a map w : H → U(Md) with
(1) ‖φ(xy)− φ(x)φ(y)‖ < ε,
(2)
∣∣‖φ(x)‖ − ‖x‖∣∣ < ε,
(3) ‖φ(αHs (x))− wsφ(x)w
∗
s‖ < ε, and
(4) ‖wst − wswt‖ < ε
for every x, y ∈ Ω and s, t ∈ F . By extending the map w arbitrarily to all of G, we conclude
that the action α : Gy A is MF. Now, G is exact (actually amenable) and C∗λ(G) is MF
(actually AF), and so, by Theorem 3.9, the crossed product A⋊G is MF. 
3.3. Quotients, Extensions, and Mayer-Vietoris. Arbitrary quotients of MF alge-
bras need not be MF. Indeed, every separable, unital C∗-algebra is a quotient of the
residually finite dimensional algebra C∗(F∞). Similarly, extensions of MF algebras need
not be MF. For example, the Toeplitz algebra T is an extension of C(T) by the compact
operators K. Both K and C(T) are QD, hence MF, but T is not finite and so cannot be
MF. However, with a certain assumption on the extension, we show the MF property is a
three-space property. We recall the following definition.
Definition 3.13. An exact sequence 0→ I → A→ B → 0 of C∗-algebras. The sequence
is called quasidiagonal if I admits an approximate identity consisting of projections which
is quasicentral in A.
Proposition 3.14. If the sequence 0 // I
ι
// A
π
// B // 0 is quasidiagonal
and A is MF, then B is MF.
Proof. If π˜ : A˜→ B˜ denotes the unitization of π, then A˜ is MF and
0 I A˜ B˜ 0
ι π˜
is a quasidiagonal extension. Hence we may assume A, B, and π are unital.
Let ϕ : B → A be a linear splitting for the exact sequence; that is, ϕ ◦π = idB . We can
always arrange ϕ to be ∗-linear by replacing ϕ with 1/2(ϕ + ϕ∗), where ϕ∗(b) = ϕ(b∗)∗.
Let (pn)n be an approximate identity for I which is quasicentral for A such that each pn
is a projection. Write qn = 1A − pn and define
ϕn : B → A, ϕn(b) = qnϕ(b)qn.
Note that for b ∈ B, since ϕ is a splitting, we have
‖b‖ = ‖π(ϕ(b))‖ = lim
n→∞
‖qnϕ(b)qn‖ = lim
n→∞
‖ϕn(b)‖.
Since (pn)n is quasicentral for A,
‖aqn − qna‖ = ‖pna− apn‖ → 0
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as n→∞ for every a ∈ A. A little work shows that
‖ϕn(xy)− ϕn(x)ϕn(y)‖
n→∞
−→ 0
for x, y ∈ B. Since A is MF, it follows that B is MF. 
Next, we consider extensions. Recall the following elementary fact: if (Tn)n ⊂ B(H)
is a net of operators converging to an operator T in the strong operator topology, then
‖T‖ ≤ lim infn→∞ ‖Tn‖. Moreover, if limn→∞ ‖Tn‖ exists, then ‖T‖ = limn→∞ ‖Tn‖.
Proposition 3.15. If 0 // I
ι
// A
π
// B // 0 is a quasidiagonal sequence with
I and B MF algebras, then A is also MF.
Proof. Identify I with ι(I) and let (pn)n be an approximate identity for I which is qua-
sicentral for A such that each pn is a projection. The maps ϕn : A → I ⊕ B given by
ϕn(a) = (pnapn, π(a)) form an approximate morphism. Indeed,
‖pnxypn − pnxpnypn‖ ≤ ‖pnx‖‖ypn − pny‖‖pn‖ ≤ ‖x‖‖ypn − pny‖ −→ 0.
Now we verify the approximate morphism (ϕn)n is faithful. Set λ = lim infn→∞ ‖pnapn‖
and consider I∗∗ ⊂ A∗∗. The fact that (pn)n is a quasicentral implies that the projections
pn converge strongly to a central projection P ∈ Z(A
∗∗). Thus the map
A →֒ I∗∗ ⊕B∗∗, a 7→ (PaP,P⊥aP⊥)
is a ∗-monomorphism which implies ‖a‖ = max{‖PaP‖, ‖P⊥aP⊥‖}. Using the remark
stated before the proposition and the fact the the (pn)n form an approximate unit for
I = ker(π), we compute
max{λ, ‖π(a)‖} ≥ ‖π(a)‖ = lim
n→∞
‖p⊥n ap
⊥
n ‖ = ‖P
⊥aP⊥‖,
and
max{λ, ‖π(a)‖} ≥ λ ≥ ‖PaP‖.
Therefore, ‖a‖ ≤ max{λ, ‖π(a)‖} ≤ ‖a‖, and the ϕn are approximately isometric. Now
I ⊕B is MF, and (ϕn)n is a faithful approximate morphism from A into I ⊕B. Hence A
is MF by Proposition 3.2. 
The MF property clearly passes to subalgebras, so a version of the three-space property
now follows from Propositions 3.13 and 3.15.
Corollary 3.16. If 0 // I
ι
// A
π
// B // 0 is a quasidiagonal sequence, then
A is MF if and only if I and B are MF.
The following proposition shows that under certain restrictions the MF property satisfies
a Mayer-Vietoris-type condition.
Proposition 3.17. Let A be a C*-algebra with ideals I and J such that A = I + J .
Suppose the sequence 0 → I ∩ J → A → A
/
(I ∩ J) → 0 is quasidiagonal. If I and J are
MF, then A is also MF.
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Proof. There is a quasidiagonal extension
0 I ∩ J A I/(I ∩ J)⊕ J/(I ∩ J) 0
π
where π(x+ y) = (x+ I ∩ J)⊕ (y + I ∩ J) for all x ∈ I and y ∈ J . Clearly the sequences
0 −→ I ∩ J −→ I −→ I
/
(I ∩ J) −→ 0
and
0 −→ I ∩ J −→ J −→ J
/
(I ∩ J) −→ 0
are quasidiagonal. Since I and J are MF, we have I ∩ J is MF, and hence Corollary 3.16
implies I
/
(I ∩ J) and J
/
(I ∩ J) are MF. Therefore, (I
/
(I ∩ J)) ⊕ (J
/
(I ∩ J)) MF and
again by Corollary 3.16, A is MF. 
4. The Dynamics of Ordered Abelian Groups
Given a C∗-dynamical system (A,G,α), there is an induced action K0(α) : Gy K0(A)
given by ordered group automorphisms. The main idea of this section is to relate C∗-
dynamical properties with K-theoretic approximation properties. Both stable finiteness
and the MF property of the crossed product are witnessed at the level of K-theory. Also,
if the acting group is free and if A is classifiable, then the K-theoretic dynamics contain
pertinent information about the crossed product. For example, in the case when A is an
AF-algebra and G = Z, Brown has shown in [7] that the quasidiagonality of the crossed
product A⋊ Z is completely determined by the induced action of Z on K0(A). This was
extended by the first author in [34] to the case where A is AF and G is free by introducing
a K-theoretic notion of MF actions on ordered groups (Definition 4.3 below). Moreover, it
was shown in [34] that an MF action of a group G on an AF-algebra A always induces an
MF action of G on K0(A), and an action of G on K0(A) is MF if and only if the actions
satisfies an analogue of Brown’s coboundary condition from [7] (see Definition 4.1). We
show below that both results hold without conditions on the algebra A.
Definition 4.1. Let K = (K,K+, u) be an ordered abelian group and consider an action
σ : Gy K. Define the coboundary subgroup of σ to be the group
Hσ :=
〈
x− σs(x) : x ∈ K, s ∈ G
〉
≤ K.
We say σ satisfies the coboundary condition if Hσ ∩K
+ = {0}.
If A is a stably finite C∗-algebra and α : G y A is an action, we say α satisfies the
coboundary condition if K0(α) does. To ease the notation we write Hα in place of HK0(α).
The stable finiteness of the crossed product and the coboundary condition are related.
Proposition 4.2. Let α : G → Aut(A) be an action. If A ⋊λ G is stably finite, then
α satisfies the coboundary condition. The converse holds if A is exact, K0(A) separates
traces on A, and α is minimal (i.e. has no invariant ideals).
Proof. When A ⋊λ G is stably finite, the inclusion ι : A → A ⋊λ G induces a faithful
morphism K0(ι) : K0(A) → K0(A ⋊α G). As ι ◦ αs = Adus ◦ι for each s ∈ G, we have
K0(ι) ◦ K0(αs) = K0(ι) for each s ∈ G. Hence the coboundary subgroup Hα is contained
in the kernel of K0(ι). As ι is faithful, Hα ∩ K0(A)
+ = {0} and hence α satisfies the
coboundary condition.
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Conversely, suppose A is exact and has real rank zero and suppose α is minimal. Write
u = [1A]0. If α satisfies the coboundary condition, then Hα∩Zu = {0} and we may define
a state β0 : Hα + Zu→ R by β0(g + nu) = n. By the Goodearl-Handelman Hahn-Banach
Extension Theorem (see Theorem 6.8.3 in [1]), β0 extends to a state β : K0(A)→ R. Note
that β is K0(α)-invariant since Hα ⊂ ker(β). As A is exact, β = K0(τ) for some trace τ
on A by combining the results of [4] and [20] (see also Section 6.9 on [1]). As β is K0(α)-
invariant, K0(τ ◦ αs) = K0(τ) for each s ∈ G, and, since K0(A) separates traces on A, the
trace τ is α-invariant. The ideal Nτ := {a ∈ A | τ(a
∗a) = 0} is an α-invariant ideal, so
minimality of the action implies that Nτ = {0} and hence τ is faithful. The composition
τ ◦ E : A⋊λ G→ C is a faithful trace, and therefore A⋊λ G is stably finite. 
The following definition is taken from [34]. It provides a notion of MF actions on ordered
abelian groups.
Definition 4.3. Let (K,K+, u) be an ordered abelian group and consider an action σ :
G→ Aut(K,K+, u). We say that σ is MF if the following holds:
Given finite subsets S ⊂ K+ \ {0} and Γ ⊂ G there is a subgroup H ≤ K, along with
a group homomorphism µ : H → Z satisfying
(1) {σt(g) : t ∈ Γ, g ∈ S} ⊂ H,
(2) µ(g) > 0 for each g ∈ S, and
(3) µ(σt(g)) = µ(g) for all g ∈ S and t ∈ Γ.
If (A,G,α) is a C∗-dynamical system with A stably finite, the action α is called K0-MF
if the induced action K0(α) of G on K0(A) is MF.
Note that when K and G are countable, an action σ : Gy K is MF if and only if there
are un ∈ Z
+ \ {0} and a faithful approximate morphism
(λn : K → (Z,Z
+, un))n≥1
which is constant on G-orbits in the following sense: if x ∈ K and s ∈ G, then λn(σs(x)) =
λn(x) for all sufficiently large n ∈ N. Since there are faithful morphisms (Z,Z
+, un) →
(Q,Q+, 1) given by division by un, one has σ is an MF action if and only if there is a
faithful approximate morphism
(λn : K → (Q,Q
+, 1))n≥1
which is constant on G-orbits. Combining this observation with Proposition 2.5 yields the
following result.
Proposition 4.4. Let σ : G → Aut(K,K+, u) be an action of a countable group G on
a countable ordered abelian group K. Then σ is MF if and only if there is a faithful
morphism µ : K → Qω with µ ◦ σs = µ for every s ∈ G.
The following result was proven in the case of AF-algebras in [34].
Theorem 4.5. Suppose A is a unital C*-algebra and α : G → Aut(A) is a given action.
If α is MF, then α is K0-MF.
Proof. We may assumeA is separable and G is countable. There is a unitary representation
w : G → U(Qω) and a faithful morphism ϕ : A → Qω such that ϕ ◦ αs = Adws ◦ϕ. Since
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Qω is stably finite, the induced map K0(ϕ) : K0(A) → K0(Qω) is faithful. Moreover, for
s ∈ G,
K0(ϕ) ◦K0(αs) = K0(ϕ ◦ αs) = K0(Adws ◦ϕs) = K0(ϕs).
By Theorem 4.4 and Proposition 2.6, K0(α) is MF as required. 
We now embark on showing that the MF property for actions and the coboundary
condition are equivalent in full generality. We do this by first showing that any ordered
abelian group exhibits an MF property. As with C∗-algebras, one could define the matricial
field property for countable ordered abelian groups as follows: K if MF if and only if there
is a faithful morphism K → K0(Q)ω ∼= Qω; in other words, the action of the trivial group
of K is MF. The following result shows the matricial field property for ordered abelian
groups is automatic.
Theorem 4.6. For any countable ordered abelian group (K,K+, u), there is a faithful
morphism λ : K → K0(Qω) ∼= Qω.
Proof. Enumerate the positive cone K+ = {0, x0 = u, x1, x2, . . . } and fix n ∈ N. The sub-
group Hn := 〈x0, x1, . . . , xn〉 ≤ K is finitely generated and abelian and thus decomposes
as Hn ∼= F ⊕T , where T a finite group and F is a free abelian group. Fix an isomorphism
φ : F → Zd of (unordered) groups. For each 0 ≤ i ≤ n, write xi = yi ⊕ zi according to
this decomposition. Consider the convex hull
C := conv{φ(yi) | 0 ≤ i ≤ n} ⊂ R
d.
Note that C is a compact, convex set in Rd. We claim C does not contain the origin 0Rd .
By way of contradiction, suppose
∑n
i=0 tiφ(yi) = 0Rd , with ti ≥ 0 and
∑n
i=0 ti = 1. Since
φ(yi) ∈ Z
d, we may assume that ti = ai/b where ai ∈ Z
+ and b ∈ N. Then
φ
(
n∑
i=0
aiyi
)
=
n∑
i=0
aiφ(yi) = b
n∑
i=0
ai
b
φ(yi) = b
n∑
i=0
tiφ(yi) = 0Rd .
Since φ is injective we have
∑n
i=0 aiyi = 0F . Let m denote the order of T and fix i0 such
that ai0 6= 0. Then
0  ai0mxi = ai0(myi +mzi) = ai0myi ≤ m
n∑
i=0
aiyi = 0F ,
a contradiction. So the claim holds.
There is, therefore, a linear functional f : Rd → R with f(C) ⊆ (ε,∞) for some ε > 0.
Denoting the standard basis of Rd by {ei}
d
i=1, we may perturb f so that f(ei) ∈ Q and
f(C) ⊂ (ε/2,∞). Let λ˜n : Hn → R denote the composition
Hn
πF
։ F
φ
−→ Zd
ι
→֒ Rd
f
−→ R.
Then λ˜n is Q-valued. Now define λn : Hn → Q by λn := λ˜n(·)/λ˜n(u) and extend to a
function λn : K → Q arbitrarily. It is a simple matter to check that the sequence (λn :
K → Q)n≥1 is a faithful approximate morphism of ordered abelian groups. Proposition
2.5 furnishes the desired faithful morphism λ : K → Qω. 
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The equivariant version of Theorem 4.6 is false; that is, not every action on an ordered
abelian group is MF. For example, if α is an automorphism of an ordered abelian group
K and α(x) < x for some x ∈ K, then the action of Z induced by α is not MF. The
coboundary condition gives a more general obstruction to an action being MF. In fact, the
theorem below shows the coboundary condition is the only obstruction. This generalizes
Proposition 4.13 of [34] where the result is shown for dimension groups.
Theorem 4.7. Let σ : G → Aut(K,K+, u) be an action. Then σ is MF if and only if it
satisfies the coboundary condition.
Proof. We may assume K and G are countable. If σ is MF, there is a faithful morphism
µ : K → Qω which is σ-invariant. Therefore, if x ∈ K and t ∈ G, then µ(x − σt(x)) = 0
which implies that Hσ ⊂ ker(µ). Since µ is faithful, Hσ cannot contain a non-zero positive
element.
Now assume that σ satsifies the coboundary condition. Define L = K/Hσ to be the
quotient group and set L+ := π(K+) and w = π(u) where π : K → L is the quotient map.
Using the coboundary condition, it is easily verified that (L,L+, w) is an ordered abelian
group and that π is faithful. Theorem 4.6 yields a faithful morphism λ : L→ Qω, and the
composition µ := λ ◦ π is the map required to conclude that σ is MF using Proposition
4.4. 
We end this section by presenting a tracial version of Theorem 4.6, but, first, we fix
some notation. Let τQ denote the unique trace on Q and let τQω be the induced trace on
Qω. Note that K0(τQ) is an isomorphism K0(τQ)
∼=
−→ Q ⊆ R. Also, Proposition 2.6 states
K0(Qω) ∼= Qω, and the state ιω on Qω induced by the state on K0(τQω) can be described
explicitly as ιω(κω((qn)n)) = lim
n→ω
qn, for (qn)n ∈ ℓ
∞(Q) . We will always view Qω as being
equipped with this state. In fact, this is probably the only state.
Theorem 4.8. Suppose K is a countable ordered abelian group, G is a countable group,
σ : Gy K is an action, and β is a σ-invariant state on K. Then there is a state-preserving
morphism λ : K → Qω such that λ ◦ σs = λ for every s ∈ G.
Proof. Let Kˆ denote the quotient K/ ker(β) and let π : K → Kˆ denote the quotient map.
Then Kˆ is an ordered abelian group with positive cone Kˆ+ = π(K+) and order unit
uˆ = π(u). The quotient map π is constant on the orbits of σ since β is σ-invariant. Also,
the state β on Kˆ induces a faithful state βˆ : Kˆ → R. To complete the proof, it suffices to
produce a state-preserving morphism Kˆ → Qω.
Note that βˆ : Kˆ → R is injective and hence Kˆ is torsion free. Fix a finite set S ⊆
Kˆ+ \ {0} with uˆ ∈ S and fix ε > 0. Decreasing ε, we may assume ε < βˆ(x) for each
x ∈ S. Let H denote the subgroup of Kˆ generated by S and fix a basis e1, . . . , en for H.
Given δ > 0 (to be determined later), there are t1, . . . , tn ∈ Q with ti ≈δ βˆ(ei). Define
λ0 : H → Q by λ0(ei) = ti. As each x ∈ S is a Z-linear combination of the ei and
λ0(ei) ≈δ βˆ(ei) for each i = 1, . . . , n, we have λ0(x) ≈ε βˆ(x) for all x ∈ S so long as δ > 0
is sufficiently small. In particular, λ0(x) > 0 for all x ∈ S.
For every S ⊆ Kˆ+ and ε > 0, we have constructed λ0 : 〈S〉 → Q with λ0(x) > 0 and
λ0(x) ≈ε βˆ(x) for all x ∈ S; note in particular that λ0(uˆ) ≈ε 1. From here, constructing a
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state-preserving morphism Kˆ → Qω is routine using Proposition 2.5. As mentioned in the
first paragraph of the proof, composing this morphism with the quotient map π : K → Kˆ
yields the desired morphism λ : K → Qω. 
5. Some Consequences of Classification
The results in the previous section essentially solve the question when an action is MF
at the level of the K0-group. With restrictions on the class of C
∗-algebras considered, clas-
sification techniques allow for the K0-approximations to be lifted to norm approximations
and hence one can recover MF-approximations of dynamical systems from the K-theory.
This section is devoted to collecting the classification results and their consequences needed
for our main results.
Theorem 5.1. Suppose A is a unital AF-algebra and λ : K0(A)→ K0(Qω) is a morphism
of ordered abelian groups. There is a unital, ∗-homomorphism ϕ : A→ Qω with K0(ϕ) =
λ. If ψ is another such morphism, then ϕ and ψ are unitarily equivalent.
Proof. Note that Qω has cancellation of projections and hence for a finite dimensional C
∗-
algebra B, any morphism K0(B)→ K0(Qω) lifts to a morphism B → Qω which is unique
up to unitary equivalence (see Lemma 7.3.2 in [32]). By Elliott’s one-sided intertwining
argument, if A is an AF-algebra, every morphism K0(A) → K0(Qω) lifts to a morphism
A → Qω which is unique up to approximate unitary equivalence. A standard reindexing
argument shows two morphisms form A into Qω are approximately unitarily equivalent if
and only if they are unitarily equivalent and this completes the proof. 
Recall that a C∗-algebra has real rank zero if every self-adjoint element can be ap-
proximated arbitrarily well by a self-adjoint with finite spectrum. Also, an AT-algebra
is a C∗-algebra which can be expressed as an inductive limit of C∗-algebras of the form
C(T)⊗ F where F is finite dimensional. A remarkable theorem of Elliott (see [16]) gives
a complete classification of AT-algebras of real rank zero in terms of their K-theory. We
reproduce his result in Theorem 5.2. First we recall the invariant.
For a C∗-algebra A, let K∗(A) := K0(A) ⊕ K1(A) which is viewed as a Z/2-graded
abelian group. Define the graded dimension range by
D(A) =
{
([p]0, [v + p
⊥]1) | p ∈ P(A), v ∈ U(pAp)
}
⊂ K∗(A),
and let K+∗ (A) denote the semigroup in K∗(A) generated by D(A). Then (K∗(A),K
+
∗ (A))
is an ordered abelian group. A morphism θ : (K∗(A),D(A)) → (K∗(B),D(B)) is a group
homomorphism θ : K∗(A)→ K∗(B) satisfying
θ(K0(A)) ⊆ K0(B), θ(K1(A)) ⊆ K1(B), and θ(D(A)) ⊆ D(B).
Every ∗-homomorphism ϕ : A → B between unital C∗-algebras induces a morphism
K∗(ϕ) : (K∗(A),D(A))→ (K∗(B),D(B)) in a natural way.
Theorem 5.2 (Elliott, [16]). Let A and B be AT-algebras of real rank zero. Given a
morphism θ : (K∗(A),D(A) → (K∗(B),D(B)), there is a ∗-homomorphism ϕ : A → B
with K∗(ϕ) = θ. Moreover, any two such lifts are approximately unitarily equivalent.
CROSSED PRODUCTS OF NUCLEAR C∗-ALGEBRAS AND THEIR TRACES 21
The following simple consequence of Elliott’s classification of AT-algebras is vital in
proving our main result, indeed, it will allow us to reduce from AT-algebras of real rank
zero to AF-algebras.
Corollary 5.3. If A is an AT-algebra of real rank zero, there is an AF-algebra B and an
embedding ϕ : A →֒ B such that K0(ϕ) is an isomorphism of ordered abelian groups.
Proof. It is well-known that K0(C(T)) ∼= Z, so K0(C(T, F )) ∼= K0(F ) as ordered abelian
groups for any finite dimensional C∗-algebra F . By the continuity of K-theory, K0(A) is
a dimension group. Therefore, there is an AF-algebra B and an isomorphism of ordered
abelian groups θ : K0(A) → K0(B). As B is an AF-algebra, B is also an AT-algebra
of real rank zero, and, by Elliott’s Theorem (Theorem 5.2), there is a ∗-homomorphism
ϕ : A → B with K0(ϕ) = θ. It only remains to show ϕ is injective. If p is a projection
in ker(ϕ), then θ([p]0) = [ϕ(p)]0 = 0. As θ is injective, [p]0 = 0, and as A is stably finite,
p = 0. Since A has real rank zero, ker(ϕ) also has real rank zero and hence is the closed
span of its projections. Thus ker(ϕ) = {0}. 
Recall that a C∗-algebra A is subhomogeneous if there is an n ∈ N such that every irre-
ducible representation π : A→ B(H) satisfies dim(H) ≤ n. A C∗-algebra is approximately
subhomogeneous (ASH) if it is a direct limit of subhomogeneous C∗-algebras. Using a deep
classification result of Dadarlat and Gong in [14], we can further reduce the approximation
problem from ASH-algebras of real rank zero to AT-algebras of real rank zero.
Theorem 5.4. If A is an ASH-algebra of real rank zero, then A⊗Q is an AT-algebra of
real rank zero.
Although Theorem 5.4 appears to be well known to those working in classification, the
result is not easy to extract from the literature. The rest of this section is devoted to
showing how Theorem 5.4 follows from classification results with the key tools being the
classification of real rank zero ASH-algebras due to Dadarlat and Gong in [14] and the
range of the invariant for real rank zero AT-algebras described by Elliott in [16].
It is a classical result that A is subhomogeneous if and only if there is an embedding of
A intoMn(C(X)) for some n ∈ N and some compact metric space X. In the real rank zero
case, with a mild assumption (which will be automatic for A⊗Q), a theorem of Dadarlat
and Gong gives a much more refined result on the structure of ASH-algebras (Theorem
5.6 below). Before stating this result, we need some notation.
Define the dimension drop algebra to be
I˜n := {a ∈ C([0, 1],Mn) : a(0), a(1) ∈ C1Mn}.
Every ASH-algebra can be written as an inductive system (An, νn) where each An has the
form
An =
(
r⊕
i=1
Mki(C(Xi))
)
⊕

 s⊕
j=1
Mlj (I˜mj )


where each Xi is a finite CW complex.
The following technical condition is Definition 2.1 in [14]. It is a necessary condition for
classification, but it can always be arranged to hold in our setting by tensoring with Q.
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Definition 5.5. An ASH-algebra A has slow dimension growth if A is isomorphic to the
limit of an inductive system as described above such that
inf
n∈N
sup
d∈N
lim
r→∞
inf
{
rank νj,in,r(1Aj,i)
dim(Xj,r)
: dim(Xj,r) ≥ d, rank ν
j,i
r,n(1An) 6= 0
}
= +∞,
where the νj,ir,n denote the components of the maps νr,n : An → Ar.
For us, the most important point to note about the definition is that if B is an infinite
dimensional UHF-algebra and A ⊗ B ∼= A, then A has slow dimension growth since by
replacing the An with Mkn(An) for integers kn increasing sufficiently rapidly, one may
arrange for the numerators in the expression above to be arbitrarily large.
The following deep structural result is Theorem 8.14 in [14]. We write D to denote the
closed unit disc in C and write Wn to denote the CW complex obtained as the pushout
of the inclusion T→ D and the map T→ T given by z 7→ zn.
Theorem 5.6 (Dadarlat and Gong). If A is an ASH-algebra of real rank zero with slow
dimension growth, then A is a direct limit of finite direct sums of matrix algebras over the
C*-algebras C, C(T), C(Wn), and I˜n.
It is known that each of the four algebras above has cancellation of projections. In
particular, every real rank zero ASH-algebra with slow dimension growth has cancellation
of projections and hence also has stable rank one.
There is a complete classification of real rank zero ASH-algebras with slow dimension
growth, also due to Dadarlat and Gong in [14]. The invariant is the scaled, ordered, total
K-theory (K(A),K(A)+,Σ(A)) where K(A) =
⊕∞
n=0K∗(A;Z/n) equipped with the action
of the Bockstein operators on K(A) (the precise definitions can be found in Section 4 of
[14] but will not be relevant for us). The groups K∗(A;Z/n) fit into an exact sequence
Ki(A)
n
−→ Ki(A)→ Ki(A;Z/n)→ K1−i(A)
n
−→ K1−i(A) i = 1, 2
where the n denotes the map defined by multiplication by n. If A ∼= A ⊗ Q, then
K∗(A) ∼= K∗(A) ⊗ Q and, in particular, K∗(A) is divisible. Hence multiplication by n
is an automorphism of K∗(A) for n > 0 and K∗(A;Z/n) = 0 for n > 0. Also one can show
the Bockstein operations are trivial in this case since K∗(A;Z/n) = 0 for n > 0. Hence
when A ∼= A⊗Q,
K(A) = K∗(A) = K0(A)⊕K1(A).
We describe the order and scale on K∗(A) in Dadarlat and Gong’s classification theorem.
The scale is given by Σ(A) := {[p]0 ∈ K0(A) | p ∈ P(A)}, and the order structure is induced
by an isomorphism K0(C(T, A))→ K∗(A) which we briefly describe below.
Consider the split exact sequence
0 SA C(T, A) A 0ι ε
j
where ε(f) = f(1), ι is inclusion, and j(a)(z) = a, z ∈ T, a ∈ A. This induces a split exact
sequence at the level of K0 and an isomorphism ϕA : K0(C(T, A)) → K0(A) ⊕ K0(SA)
given by
ϕA([p]0) = [p(1)]0 ⊕ ([p]0 − [p(1)]0), p ∈ P∞(C(T, A)).
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Now recall that there is an isomorphism θA : K1(A) → K0(SA), where SA = C0(R) ⊗ A
is the suspension of A (see, for example, Section 10.1 of [32]). The map θA is defined as
follows: given u ∈ Un(A), the unitary u⊕ u
∗ ∈ U2n(A) is homotopic to the identity; that
is, there is a continuous path w : [0, 1]→ U2n(A) such that w(0) = u⊕u
∗ and w(1) = 12n.
Define a path of projections q : [0, 1] → P2n(A) by q(t) = w(t)(1n ⊕ 0n)w(t)
∗. Then
q(0) = q(1) = 1n ⊕ 0n and [q]0 − n[1]0 ∈ K0(SA). The map θA : K1(A) → K0(SA) given
by θA([u]1) = [q]0− n[1]0 is an isomorphism. By composing ϕA with id⊕θ
−1
A , one obtains
an isomorphism
ψA : K0(C(T, A))
∼=
−→ K0(A)⊕K1(A) = K∗(A).
Define K∗(A)
+ ⊆ K∗(A) to be the image of K0(C(T, A))
+ under this isomorphism.
We will show that for real rank zero ASH-algebras A with slow dimension growth
K∗(A)
+ = K+∗ (A). One inclusion holds in full generality.
Proposition 5.7. If A is a unital C*-algebra, then K+∗ (A) ⊆ K∗(A)
+.
Proof. It suffices to show that D(A) ⊆ K∗(A)
+. To this end, fix a projection p ∈ A and a
unitary v ∈ U(pAp), and set u = v+(1−p). The unitary v⊕v∗ in U2(pAp) is homotopic to
the identity p⊕ p. Let w : [0, 1]→ U2(pAp) be a continuous path such that w(0) = v⊕ v
∗
and w(1) = p ⊕ p and set w˜(t) = w(t) + (1 − p) ⊕ (1 − p). Then w˜ : [0, 1] → U2(A)
is a continuous path of unitaries with w˜(0) = u ⊕ u∗ and w˜(1) = 1 ⊕ 1. We define
continuous paths of projections q, q˜ : [0, 1]→ P2(A) given by q(t) = w(t)(p⊕ 0)w(t)
∗, and
q˜(t) = w˜(t)(1⊕0)w˜(t)∗ for t ∈ [0, 1]. Note that q˜(t) = q(t)+p⊥⊕0. Now q(0) = q(1) = p⊕0
and hence q furnishes an element [q]0 ∈ K0(C(T, A))
+. Also, [q(1)]0 = [p]0 in K0(A), and
θ([u]1) = [q˜]0 − [q˜(1)]0 = [q]0 − [q(1)]0 in K0(SA). Therefore, ψA([q]0) = [p]0 ⊕ [u]1 and
[p]0 ⊕ [u]1 ∈ K∗(A)
+ as claimed. 
Proposition 5.8. If A is an ASH-algebra of real rank zero and slow dimension growth,
then K∗(A)
+ = K+∗ (A).
Proof. For any algebra B, it follows from definitions that
K∗(B)
+ ⊆ {x⊕ y ∈ K∗(B) : x > 0} ∪ {(0, 0)} =: SB .
Examining the building blocks of A more carefully we have
K0(C) = Z, K0(C(T)) = Z, K0(C(Wn)) = Z⊕ Z/n, K0(I˜n) = Z,
K1(C) = 0, K1(C(T)) = Z, K1(C(Wn)) = 0, K1(I˜n) = Z/n.
For B = C and B = C(Wn), it is clear that K
+
∗ (B) = SB . For B = C(T) or B = I˜n, Para-
graph 4.1 in [16] shows K+∗ (B) = SB. These observations together with Proposition 5.7
shows that K∗(B)
+ = K+∗ (B) for each building block B.
Now observe that K∗(−)
+ preserves direct sums and direct limits by the naturality of
the maps ϕA and θA and the fact that both properties are true for K0(C(T,−))
+. It is also
true that the positive cone K+∗ (−) defined above preserves direct sums and direct limits.
The result follows by Theorem 5.6. 
Proof of Theorem 5.4. Let A be an ASH-algebra of real rank zero. We may assume A is
unital and A ⊗Q ∼= A. Then A has slow dimension growth as noted after Definition 5.5
and hence Theorem 5.6 implies A ∼= limn→∞(An, ϕn) where each An is a finite direct sum
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of matrix algebras over C, C(T), C(Wm), and I˜m. Let Ln = K∗(An) and L = K∗(A) as
graded, ordered abelian groups. We can write Ln = Fn ⊕ Tn where Fn is free abelian
and Tn is a finite abelian group. Endowing Fn with the order and grading inherited from
Ln, the projection map πn : Ln ։ Fn is a positive, graded morphism as can be seen by
examining the K-theory of each building block. Also, if x ∈ Fn is positive, then x⊕0 ∈ Ln
is positive and hence π restricts to a surjective map on the positive cones L+n → F
+
n . Each
K∗(ϕn) decomposes as a matrix
K∗(ϕn) =
(
αn 0
βn γn
)
: Fn ⊕ Tn → Fn+1 ⊕ Tn+1,
where the (1, 2)-entry is zero as there are no non-trivial morphisms from a torsion group
to a free group.
If F = lim
−→
(Fn, αn), the maps πn : Ln → Fn induce a map π : L→ F as shown below:
Ln Ln+1 · · · L
Fn Fn+1 · · · F
K∗(ϕn)
πn πn+1 π
αn
Clearly π is surjective. Also any element in the kernel of π must be a torsion element.
Since A ⊗ Q ∼= A, we have L ⊗ Q ∼= L, and, in particular, L is torsion free. So π is an
isomorphism. Also, as each πn is positive and restricts surjective map on the positive
cones, π is an order isomorphism. So L ∼= F as Z/2-graded ordered groups.
Each Fn is a direct sum of graded groups Z ⊕ 0 and Z ⊕ Z with the strict ordering in
the first component. Since A has real rank zero and stable rank one, the ordered group
L = K∗(A) has the Riesz Decomposition Property by Theorem 3.2 in [16]. Appealing to
Theorem 8.1 in [16], there are C∗-algebras Bn := C(T)⊗Dn with the Dn finite dimensional
and morphisms Bn → Bn+1 such that B = lim
−→
Bn has real rank zero and K∗(B) ∼= L
as ordered groups. By replacing B with B ⊗ K, we may assume B is stable so that
D(B) = K+∗ (B). Since
K∗(B ⊗Q) = K∗(B)⊗Q = K∗(A) ⊗Q = K∗(A⊗Q) = K∗(A) = K∗(B),
B ∼= B⊗Q by Elliott’s Classification Theorem for AT-algebras of real rank zero (Theorem
5.2 above). Hence
(K(B),K(B)+) ∼= (K∗(B),K∗(B)
+).
Also, B is an ASH-algebra with slow dimension growth and we have
(K(A),K(A)+) ∼= (K(B),K(B)+).
Therefore, A⊗K ∼= B ⊗K ∼= B by Dadarlat and Gong’s classification theorem (Theorem
9.1 in [14]). So A ⊗ K is an AT-algebra. Since corners of AT-algebras are AT, A is an
AT-algebra. This completes the proof of Theorem 5.4. 
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6. Proofs of the Main Results
In this section we prove the results stated in the introduction. For the tracial version of
Theorem 1.1, the following proposition of de la Harpe and Skandalis is needed (see [22]).
Proposition 6.1. Let A be a C*-algebra and consider an action α : Fr → Aut(A) with
r ≥ 2. If τ is a trace on A⋊λ Fr, there is a trace τ0 on A such that τ = τ0 ◦ E.
Proof of Theorem 1.1. It is well known that (1) implies (2), and (2) implies (3) is Propo-
sition 4.2.
Assuming α satisfies (3), the induced action α˜ of Fr on the unitization A˜ of A also
satisfies (3). Moreover, if A˜⋊λ Fr is MF, then A⋊λ Fr is MF. Hence to verify (3) implies
(1), we may assume A is unital. Also, we may assume r <∞. Similar considerations show
the claim about traces can be reduced to the case when A is unital and r <∞.
Note that A ⊗ Q is an AT-algebra by Theorem 5.4. Moreover, α induces an action
α⊗ id : Fr y A⊗Q and traces on A⋊λ Fr are in bijection with traces on (A⊗Q)⋊λ Fr.
If a trace on (A⊗Q)⋊λ Fr is MF, then its restriction to A⋊λ Fr is MF. Hence the claim
about traces can be reduced to the case where A is an AT-algebra of real rank zero.
The implication (3) implies (1) can also be reduced to the case when A is AT of real
rank zero. Indeed, if (A ⊗ Q) ⋊λ Fr is MF, then A ⋊λ Fr is MF. So to complete the
reduction, we must show if α satisfies (3), so does α⊗ id. To this end, note that
K0(A⊗Q) ∼= K0(A)⊗Q ∼=
{x
n
: x ∈ K0(A), n ∈ N
}
where we identify x/m with y/n if k(nx −my) = 0 for some k ≥ 1 and the addition is
defined by the usual arithmetic of fractions. The morphism K0(A)→ K0(A⊗Q) induced
by the embedding A →֒ A ⊗ Q is given by x 7→ x/1 and the automorphisms K0(αs) ⊗ id
are given by x/n 7→ K0(αs)(x)/n. Also, under this identification,
K0(A⊗Q)
+ =
{x
n
: x ∈ K0(A)
+, n ∈ N
}
,
and x/n ≥ 0 in K0(A⊗Q) if and only if kx ≥ 0 in K0(A) for some k ∈ N.
Now, suppose x1/n1, . . . , xk/nk ∈ K0(A⊗Q) and s1, . . . , sk ∈ Fr with
x :=
k∑
i=1
(
xi
ni
−K0(αsi ⊗ id)
(
xi
ni
))
≥ 0.
Letting d ≥ 1 be a common multiple of n1, . . . , nk there is an integer k ≥ 1 with
x′ :=
k∑
i=1
(
kd
ni
xi −K0(αsi)
(
kd
ni
xi
))
≥ 0.
Hence x′ = 0 since α satisfies the coboundary condition, and so x = x′/dk = 0. This
shows α⊗ id satisfies the coboundary condition.
We have reduced the theorem to the case where A is a unital AT-algebra of real rank zero
and r <∞. We work to reduce further to the case of AF-algebras. By Corollary 5.3 there
is an AF-algebra B and an embedding ϕ : A→ B such that K0(ϕ) is an isomorphism. Let
s1, . . . , sr denote the generators of Fr and denote αi := αsi . By Elliott’s classification of
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AF-algebras, the automorphism K0(ϕ)K0(αi)K0(ϕ)
−1 of K0(B) lifts to an automorphism
K0(β
′
i) of A for each i = 1, . . . , r.
Fix a finite set F ⊆ B and ε > 0. Since K0(β
′
i ◦ϕ) = K0(ϕ◦αi), the uniqueness portion
of Theorem 5.2 implies for each i = 1, . . . , r, there is a unitary ui ∈ B such that
‖uiβ
′
i(ϕ(a))u
∗
i − ϕ(αi(a))‖ < ε for all a ∈ F .
Define βi = ad(ui) ◦ β
′
i for i = 1, . . . , r. The βi induce an action β : Fr y B such that
βsi = βi for each i = 1, . . . , r.
If α satisfies the coboundary condition, then β satisfies the coboundary condition since
K0(ϕ) : K0(A) → K0(B) is an isomorphism intertwining the actions K0(α) and K0(β).
Theorem 4.7 implies the existence faithful morphism µ : K0(B) → K0(Qω) such that
µ ◦K0(βs) = µ for every s ∈ Fr. Since B is AF, there is a ∗-homomorphism ψ : A→ Qω
such that K0(ψ) = µ by Theorem 5.1. As K0(ψ) = µ is faithful, ker(ψ) does not contain
any non-zero projections and since ker(ψ) is AF, ker(ψ) = 0. Hence ψ is injective. Also,
since
K0(ψ ◦ βs) = µ ◦K0(βs) = µ = K0(ψ),
the morphisms ψ ◦ βs and ψ are unitarily equivalent by Theorem 5.1. Since Fr is free,
there is a unitary representation w : Fr → U(Qω) such that ad(ws) ◦ ψ = ψ ◦ βs for every
s ∈ Fr. Now, ψ ◦ ϕ : A→ Qω is injective and
‖ψ(ϕ(αsi (a))) −wsiψ(ϕ(a))w
∗
si‖ < ε
for a ∈ F and i = 1, . . . , r.
We have shown this existence of a faithful approximate covariant representation of the
dynamical system (A,Fr, α) on Qω. A reindexing argument shows there is a faithful
covariant representation of (A,Fr, α) on Qω and hence α is MF. Now, Corollary 3.11
implies A⋊λ Fr is MF, proving (1).
Finally, we must show every trace on A⋊λ Fr is MF for an arbitrary action α : Fr y A.
We first show every invariant trace τA on A is α-MF. The proof is very similar to the proof
of (3) implies (1) above, so we omit some details. As above, there is an AF-algebra B, an
action β : Fr y B, and an embedding ϕ : A → B approximately intertwining α and β
such that K0(ϕ) is an isomorphism. The state K0(τA) ◦K0(ϕ)
−1 on K0(B) lifts to a trace
τB on B. Since K0(τA) = K0(τB ◦ ϕ) on K0(A) and A has real rank zero, τA = τB ◦ ϕ.
Note that K0(τB) is a K0(β)-invariant state on K0(B). By Theorem 4.8, there is a state-
preserving morphism K0(B)→ K0(Qω) which is constant on K0(β)-orbits. As above, The-
orem 5.1 allows one to lift this to a (necessarily trace-preserving) covariant representation
of (B,Fr, β) on Qω. Then, after composing with ϕ : A → B and applying an ultrafilter
reindexing argument, one obtains a trace-preserving covariant representation of (A,Fr, α)
on Qω. Thus τA is α-MF.
Having shown every α-invariant trace on A is α-MF, it follows that every trace on
A ⋊λ Fr of the form τ ◦ E for an invariant trace τ on A is MF by Corollary 3.11. In
particular, when r ≥ 2, every trace on A⋊λ Fr is MF by Proposition 6.1.
Now consider the case when r = 1. Let τ be a trace on A⋊α Z and let
J = {a ∈ A : τ(a∗a) = 0}.
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Then J is an α-invariant ideal of A and τ vanishes on the ideal J ⋊α Z of A⋊α Z. Let α¯
denote the action on A/J induced by α and let τ¯ denote the induced trace on (A/J)⋊α¯Z.
Then τ¯ is a α¯-invariant trace on A/J .
The quotient A/J is an AT-algebra and hence (A/J) ⋊α¯ Z is a separable, nuclear C
∗-
algebra satisfying the UCT. Also, (A/J) ⋊α¯ Z admits a faithful trace; namely, the trace
τ¯ |A/J ◦E is faithful. By Corollary 6.1 in [36], every trace on (A/J)⋊α¯Z is quasidiagonal. In
particular, τ¯ is quasidiagonal and hence τ is quasidiagonal. This completes the proof. 
Proof of Theorem 1.2. We have (1) implies (2) since every MF algebra is stably finite.
Since A⋊λFr is exact, if A⋊λ Fr is stably finite, then A⋊λ Fr admits a trace by Corollary
5.12 in [20].
Note that every invariant trace on A induces a faithful invariant trace on A⋊λFr. Hence
the proof will be complete once we show every trace on A ⋊λ Fr is MF. By assumption,
A ⊗ Q is a separable, simple, unital C∗-algebra which satisfies the UCT and has finite
nuclear dimension. Assuming A has a trace, Theorem 6.2(iii) in [36] implies A ⊗Q is an
ASH-algebra. Since K0(A) separates traces on A, A ⊗ Q has real rank zero by Theorem
1.4(f) in [3] and the paragraph that follows it. Hence Theorem 1.1 applies. 
Proof of Corollary 1.3. By the main result of [36], A is quasidiagonal and hence A ⊗ Q
has finite nuclear dimension by the main result of [28]. The unique trace on A is certainly
invariant under α and the first part of the corollary follows from Theorem 1.2.
A well known theorem of Rosenberg (see the appendix of [23]) states that if C∗λ(G) is
quasidiagonal, then G is amenable. Hence if r ≥ 2, A⋊λ Fr is MF but not quasidiagonal
and the result follows from Corollary 13.5 in [8]. 
Proof of Theorem 1.4. Following [29], we define the Bernoulli shift crossed product
B(G) :=
(⊗
G
M2∞
)
⋊λ G,
where the action is given by left translation on the index set. By Proposition 2.1 in [29],
B(G) is a separable, simple, unital C∗-algebra with a unique trace and satisfies the UCT.
The action Fr y G induces an action Fr y B(G) such that the embedding C
∗
λ(G) →֒ B(G)
is equivariant. Hence we have and embedding
C∗λ(G⋊ Fr)
∼= C∗λ(G)⋊λ Fr →֒ B(G)⋊λ Fr.
By Corollary 1.3, B(G) ⋊λ Fr is MF and hence C
∗
λ(G ⋊ Fr) is MF. Since the embedding
above is trace-preserving, we also have that the canonical trace on C∗λ(G⋊Fr) is MF. 
7. A Result for Cuntz-Pimnser Algebras
In [35], the second author has shown how to reduce certain questions about Cuntz-
Pimsner algebras to questions about crossed products by Z. Using these techniques, it is
possible to prove a version of Theorem 1.1 for Cuntz-Pimsner algebras with coefficients in
a real rank zero ASH-algebra (see Theorem 7.3 below). The reader is referred to Katsura’s
paper [25] for the relevant background on C∗-correspondences and Cuntz-Pimsner algebras.
Given a C∗-correspondence H over a C∗-algebra A, taking the external tensor product
with Q yields a correspondence H ⊗Q over A ⊗Q. Let (π0, π1) and (π˜0, π˜1) denote the
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universal covariant representations of (A,H) and (A ⊗Q,H ⊗ Q) on the Cuntz-Pimsner
algebras OA(H) and OA⊗Q(H ⊗Q), respectively.
Lemma 7.1. For any C*-correspondence H over a C*-algebra A, there is a natural iso-
morphism
ϕ : OA(H)⊗Q → OA⊗Q(H ⊗Q)
such that ϕ(π0(a) ⊗ b) = π˜0(a ⊗ b) and ϕ(π1(ξ) ⊗ b) = π˜1(ξ ⊗ b) for each a ∈ A, ξ ∈ H,
and b ∈ Q.
Proof. The maps
ρ0 : A⊗Q → OA(H)⊗Q and ρ
1 : H ⊗Q → OA(H)⊗Q
given by ρ0(a⊗ b) = π0(a)⊗ b and ρ1(ξ⊗ b) = π1(ξ)⊗ b form a faithful Toeplitz represen-
tation which admits a gauge action. Moreover, OA(H) ⊗ Q is generated as a C
∗-algebra
by ρ0(A⊗Q) and the ρ1(H ⊗Q). Hence there is an induced surjective ∗-homomorphism
ϕ : OA(H)⊗Q → OA⊗Q(H ⊗Q)
such that ϕ ◦ π˜0 = ρ0 and ϕ ◦ π˜1 = ρ1 by Proposition 7.14 in [26].
It’s enough to show ϕ is injective. Assume a ∈ OA(H) and b ∈ Q such that b 6= 0 and
ϕ(a ⊗ b) = 0. By Kirchberg’s Slice Lemma [31, Lemma 4.1.9], it’s enough to show a = 0.
Since Q is simple, there are x1, . . . , xn, y1, . . . , yn ∈ Q with
∑
i xibyi = 1. Now,
ϕ(a⊗ 1) =
∑
i
ϕ(1⊗ xi)ϕ(a ⊗ b)ϕ(1 ⊗ yi) = 0.
By the Gauge Invariant Uniqueness Theorem, the restriction of ϕ to OA(H) is injective,
and hence a = 0. 
Definition 7.2. A C∗-correspondence H over a C∗-algebra A is called regular if the left
action A→ B(H) is faithful and has range contained in K(H).
Given a regular C∗-correspondence (A,H), taking the Kasparov product with H yields
endomorphism [H] of K0(A); viewing K0(A) as the Grothendieck group of finitely gen-
erated Hilbert A-modules, the endomorphism [H] is determined by the assignment L 7→
L ⊗A H for every finitely generated Hilbert A-module L. If (A,H) is a regular C
∗-
correspondence, then the C∗-correspondence (A ⊗Q,H ⊗Q) is also regular. Making the
identification
K0(A⊗Q) ∼=
{x
n
: x ∈ K0(A), n ∈ N
}
,
the endomorphism [H ⊗Q] is given by
[H ⊗Q]
(x
n
)
=
[H](x)
n
.
Theorem 7.3. Let A be an ASH-algebra such that A ⊗ Q has real rank zero. If H is a
separable, regular C*-correspondence over A, then the following are equivalent:
(1) OA(H) is quasidiagonal;
(2) OA(H) is stably finite;
(3) if x ∈ K0(A) with [H](x) ≤ x, then [H](x) = x.
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Proof. Using the results above and arguing as in the proof of Theorem 1.1 in Section 6,
we may assume A⊗Q ∼= A. Then A is an AT-algebra of real rank zero by Theorem 5.4.
Let γ denotes the gauge action of T on OA(H) and define B := OA(H)⋊ T. Combing
Propositions 5.1, 5.2, and 5.3 in [35] shows B is a direct limit of C∗-algebras Morita
equivalent to A. In particular, B is an AT-algebra of real rank zero as follows from the
permanence properties given in Proposition 3.2.5 of [31]. If γˆ denotes the dual action of
Z on B, then OA(H) is Morita equivalent to B ⋊γ Z by Takai duality. The result can be
deduced from Theorem 1.1 as in the proof of Theorem C in [35]. Note in particular that
since A is nuclear, OA(H) is nuclear by Corollary 7.4 of [25]; hence OA(H) is quasidiagonal
if and only if OA(H) is MF by the Choi-Effros Lifting Theorem. 
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